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We establish a precise constitutive relation between the average quadrupole and the amplitudes of a vacuum gravitational wave, via the geodesic deviation equation. Then we determine the modified equation for the wave inside the medium and the associated dispersion relation. A phenomenological analysis shows that anomalous polarizations of the wave emerge with an appreciable experimental detectability if the medium is identified with a typical galaxy. Both the modified dispersion relation (wave velocity less than the speed of light) and anomalous oscillations modes could be detectable by the incoming LISA or pulsar timing arrays experiments, having the appropriate size to see the concerned wavelengths (larger than the molecular size) and the appropriate sensitivity to detect the expected deviation from vacuum General Relativity.
The Einsteinian theory of gravity offers a predictive tool to investigate the Universe structure on very different spatial scales, from the Hubble flow to the Solar system morphology [1] [2] [3] [4] .
However, Einstein field equation in matter is approached by considering the space-time metric and the physical sources as continuous fields, having a differentiable (at least of class C 2 ) profile. Nonetheless, as it turns out looking at the real morphology of astrophysical systems [5] [6] [7] [8] , this notion of continuum is valid only on an average sense. In fact, the matter sources are typically characterized by a discrete nature, for instance, stars or galaxies are merely point-like sources, when treated on a scale much larger than their typical size. As a consequence, also the space-time geometry and the associated metric tensor acquire a discrete nature: clumpiness of the sources induces irregularities in the Einsteinian manifold.
Therefore, an appropriate treatment of the implementation of Einstein equation to real astrophysical systems requires a suitable procedure for averaging both matter and geometry. It is easy to realize how the definition of an averaging procedure of the space-time be a non-trivial task, mainly due to the non-linearity of the gravitational interaction: the average of the Einstein tensor is not the Einstein tensor in the averaged metric, but a complicate set of correlation functions comes out [9] [10] [11] .
Another subtle question, strictly connected with the above considerations, is the existence of bounded subsystems within a matter medium, for instance the presence of binary systems and open clusters within the galaxy [12] . Such subsystems behave as real "gravitational molecules" and when the gravitational field interact with them, their structure is altered with a consequent gravitational backreaction. Thus, we see how it is, in general, necessary to deal with "Macroscopic Gravity" physics, in close analogy to what happens in the case of the electromagnetism within matter [13] [14] [15] . For relevant analyses of macroscopic gravity, see [16, 17] , where covariance requirements and constitutive relations are addressed. In particular in [16] , the theory is constructed in close analogy to electromagnetism, taking the Weyl tensor as the gravitational counterpart of the electromagnetic tensor field. Furthermore, an interesting technique to separate the source energy momentum tensor is provided, reconstructing the continuous matter field plus a quadrupole term, associated to the molecular structure. In [17] , the case of high frequency gravitational waves is considered on a generic background and a closed set of constitutive equations is fixed, relating the quadrupole term to the background curvature.
Here, we analyze the problem of the macroscopic gravity theory, as referred to the propagation of gravitational waves in a molecular matter medium. We retain the splitting, proposed in [16] , between the free continuum energy-momentum tensor and the quadrupole term, but then we calculate the constitutive relation, i.e. the form of the molecule quadrupole from the geodesic deviation equation. We construct the quadrupole tensor via the geodesic deviation vector and then express it in terms of the vacuum gravitational wave amplitudes.
As a result, we get a closed wave equation in the medium, which provides us with six effective physical degrees of freedom. We characterize this modified scenario for the weak gravitational field, by studying the wave polarizations and the dispersion relation descending from the macroscopic field equation, then considering some specific example of molecular structures. Our study outlines a dispersion profile of a gravitational wave in a molecular medium and new modes of oscillation to be searched in the experimental devices.
This work is included in the theoretical framework of linearized gravity. As usual in this context, the metric g µν can be written as a sum of Minkowksi flat metric η µν = diag (−1, 1, 1, 1) plus a perturbation h µν , small enough to be neglected the contribution of terms of quadratic order. All the calculations will be done in terms of the trace reversal of h µν , i.e. ϕ µν = h µν − 1 2 hη µν , on which Hilbert gauge ∂ µ ϕ µν = 0 is implemented. The approach to Macroscopic Gravity proposed in [16] is based on the hypothesis that the material medium can be described as a set of point-like masses grouped into molecules. This means that, defining z (
As shown in [16] a stress energy tensor describing a set of point-like masses can be written, after the application of Kaufman's molecular moments method [14] (denoted as · ) and expanding all the involved quantities up to the second order in s µ i , as
where
µν is the stress energy tensor that describes a set of free particles, i.e. the centers of mass of the molecules, and Q µρνσ is the quadrupole polarization tensor, whose expression in terms of s µ i andṡ µ i can be found in [16] . The notation V, µ indicates ∂ ∂x µ V while the dot is intended as a derivation with respect to the proper time. It is interesting to point out that the quadrupole tensor shares the same set of symmetries of the Riemann tensor. In order to calculate a constitutive relation for the gravitational quadrupole tensor, we follow an approach analogous to that commonly used in the electromagnetic case [13] [14] [15] , replacing Newton's law of motion with the geodesic deviation equation, written in a reference frame comoving with the center of mass of the molecule. We perturb the molecule, a sphere characterized by a constant mass density ρ 0 , with a vacuum gravitational wave, whose wavelength is larger than the size of the molecule. The presence of the wave will cause an alteration of the components of the quadrupole tensor. In order to enounce a constitutive relation we express these altered components in terms of the degrees of freedom perturbing the metric, namely the statical Newtonian potential generated by the molecule itself φ and the components of the wave ϕ µν . This calculation, that will be presented in detail in a further work, yields to the following constitutive relation:
where the gravitational dielectric constant is
In this expression M is the mass of the molecule, N is the density of molecules of the medium, L is the radius of the molecule and ω 2 0 = 4 3 πGρ 0 is the angular frequency at which the molecule oscillates due to its own gravity. With the same method we can calculate the other components of the quadrupole tensor: this results in
The components Q ijkl result proportional to combinations of the components of the wave through another dielectric constant ǫ ′ g that is small compared to ǫ g ,
where β = v c ≪ 1 and v is the typical speed of the particles composing the molecule, so we will ignore their contribution to the field equation. We will now write the Macroscopic Gravity field equation using the constitutive relations (3), (5) .
Given the fact that the set of centers of mass of the molecules behave as a dust, i.e. pressure can be neglected, the free stress-energy tensor in such comoving frame is written
Writing ϕ 00 = − 4φ c 2 + A(x, t), with A a dynamical field arising from the macroscopic treatment, the 00 component of the field equation results in:
being △ Laplace operator and = −∂ 2 0 + △ the d'Alembertian. Given the fact that in this equation only A is function of time, we argue that φ and A must solve, separately:
Equation (9) results to be a modified Poisson equation for the Newtonian potential: in [17] it has been derived and analyzed in detail an analogous equation. Let us now write the µν components of the field equation (µ, ν = 0):
We search for plane wave solutions of (10) and (11), choosing the z axis to be coincident with the direction of propagation of the wave, i.e.
The implementation of Hilbert gauge leaves us with six dynamical degrees of freedom, (A, ϕ 01 , ϕ 02 , ϕ 11 , ϕ 12 , ϕ 22 ). These six fields are no longer solutions of d'Alembert equation, as in vacuum, but rather of (10) and (11) : this means that it is impossible to cancel out four of them with an additional gauge transformation that preserves Hilbert gauge. Due to their appearance, the wave will possess new longitudinal modes of oscillation. In order to analyze which kind of deformation is induced by each component on a sphere of test particles, we calculate the geodesic deviation equation, finding that:
1. A is a scalar breathing mode [18, 19] : expansions and contractions are concordant along the three axes.
2. ϕ 01 is a cross mode in the xz plane.
3. ϕ 02 is a cross mode in the yz plane.
4. ϕ 11 induces deformations along all three axes: it is the superposition of a plus mode in the xy plane, a breathing mode in the xz plane and a plus mode in the yz plane.
5. ϕ 22 induces deformations along all three axes: it is the superposition of a plus mode in the xy plane, a plus mode in the xz plane and a breathing mode in the yz plane.
6. ϕ 12 is a cross mode in the xy plane.
Let us calculate the dispersion relation descending from equations (10) and (11):
where the parameter m 2 = c 2 4πGǫ g has been introduced.
It is immediate to verify that
The fact that ω 2 − (k) is always negative implies that ω − (k) are two purely imaginary solutions that characterize damped and growing modes. However we will show that this branch of solutions does not contain any physical meaning. If we consider the solutions characterized by the plus sign and we perform the limit ǫ g → 0, or m 2 → ∞, i.e. we remove the material medium, we find lim
This solution shows a good behavior: when we remove the material medium ω 2 + (k) goes back to be the dispersion relation of a vacuum solution. Performing the same limit on the solution characterized by the minus sign yields to:
that is an infinite quantity. The fact that this solution does not go back to be a vacuum solution when we remove the material medium, performing the limit ǫ g → 0, allows us to look at this branch of solutions as not physical. Then, the only solution that gives us physical information on the propagation of gravitational waves through a material medium is the one characterized by ω 2 + (k). As previously stated, ω 2 + (k) is always positive: this implies that the propagation is purely dispersive. Let us calculate the group velocity:
(17) We observe that the group velocity results always smaller than the speed of light. Increasing the parameter m causes the function v g (k) to reach small values in correspondence with increasing values of k; in the limit m → ∞ the group velocity tends to be the constant c. For a given m, if we consider v g (k) in the region k ≪ m, we can approximate the function (17) with
Now we will give some quantitative estimates of ǫ g , without any intention of being too accurate, but merely realistic, in the characterization of the involved parameters. We will describe two different models of the material medium, that can be identified with the Galaxy: the first assuming binary systems to be the molecules of the medium, the second will be composed by open clusters. In order to calculate ǫ g we need to define the values of the parameters M , L and N . From these three parameters it is possible to calculate the others that appear in the definition of ǫ g . It should be reminded that all the calculations performed to derive the set of material relations (3) and (5) have been made under the assumption that the wavelength observed is larger than the size of the molecules composing the medium.
Let us begin with the first case: the molecules are binary systems. It was widely believed [20] [21] [22] [23] that the major part of the stars in our galaxy was part of binary or multiple systems: more recent observations changed this paradigm. A better estimate [24] is that approximately one third of the stars in our galaxy are located in binary, or with higher multiplicity, systems; the remaining two thirds can be safely considered single stars. We will calculate the dielectric constant in three different regions of the Galaxy, from the edge to the center of it: (i) is a region characterized by a stellar density of 1 pc −3 , in (ii) this value increases to 100 pc −3 and in (iii) it reaches 10 5 pc −3 . We will set N as one third of these values in each region. The size of a binary system is a quite variable parameter: it can go from less than one to some thousands of AU. However, the typical distances are those of the Solar system, rather than the typical distances between stars (few light years) [23] : we will set the radius of the molecule to 15 AU = 2.2 · 10 12 m. The mass of the molecule will be set to 1.5 M ⊙ = 3 · 10 30 kg. We get the following three values for the gravitational dielectric constant:
38 kg m 
Given the fact that, in terms of k and m, the condition λ > L reads as
and with the chosen values of the parameters results k m ≪ m, we are allowed to use formula (18) to calculate the group velocity of the wave inside the medium. If we take the maximum value obtained for ǫ g (iii) we find
and k MIN = 2π (λ MAX ) −1 . Taking for ǫ g the value (ii) yields to
If we consider for ǫ g the minimum value (i), we find
Actually binary system can only be roughly approximated via the model of a spherical molecule, since they posses an intrinsic quadrupole. However, the random orientation of the orbital planes of these binaries with respect to the direction of propagation of the incoming gravitational wave, leads us to infer that the average effect can be qualitatively estimated even in the present simplified framework. Now we consider the case of a material medium whose molecules are open clusters [25, 26] . Our galaxy is estimated to contain about 100, 000 open clusters, mainly located in the central disc. We will calculate the density of molecules as the number of molecules (10 5 ) divided by the volume of the Galaxy, assuming it to be a disc with diameter of 45 kpc and thickness of the disc of about 0.6 kpc (roughly the size of the Milky Way [27] ). For the density of molecules we calculate the value N = 3.55 ·10 −57 m −3 . We will set the value of 250 M ⊙ = 5·10 32 kg for the mass of the molecule. The radius of the molecule will be fixed to 2 pc = 0.6·10 17 m. Under these assumptions we get the following value for the gravitational dielectric constant:
54 kg m.
As in the previous case results k m ≪ m, so we will use the approximate formula (18) . 
we get the following values for the group velocity:
v g (k MAX ) = c 1 − 9.38 · 10 
An effect of nearly the same order of magnitude and acting roughly on the same range of wavelengths is obtained when globular clusters are considered as the molecules of the medium. The two contributions coming from open and globular clusters can be summed up, so that the maximum relative deviation of the group velocity from c is approximately 10 −5 . Our analysis demonstrates that, both from a conceptual and phenomenological point of view, the deformation that a gravitational wave induces on the bounded systems in the Galaxies induces an effective modification of the nature of the wave itself, generating longitudinal polarization modes and, over all, a subluminal velocity of propagation, in contrast to the vacuum case. Despite the deviation from the speed of light is at most of order 10 −5 , its integrated effect over very large distances can produce a significant delay with respect to the electromagnetic signal. This scenario is expected of significant impact in the analysis of the "follow up" of astrophysical sources and this feature must be taken into account in the set up of a gravitational astronomy.
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